Abstract. The purpose of this paper is to introduce an implicit iterative process with errors for approximating common fixed point of two finite families of asymptotically nonexpansive mappings in the framework of Banach space. The results presented in this paper extend and generalize the corresponding results of Qin et al. 
Introduction
Let K be a nonempty subset of a real Banach space X and T : K → K be a mapping. Let F (T ) = {x ∈ K : T x = x} be denoted as the set of fixed points of T .
A mapping T : K → K is called nonexpansive provided
for all x, y ∈ K and n ≥ 1. An important generalization of the class of nonexpansive mappings and the class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk [4] . They proved that every asymptotically nonexpansive selfmapping of a nonempty closed convex subset of a uniformly convex Banach space has a fixed point.
T is called asymptotically nonexpansive mapping if there exists a sequence {k n } ⊂ [1, ∞) with lim n→∞ k n = 1 such that
for all x, y ∈ K and n ≥ 1. A mapping T : K → K is called uniformly
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Lipschitzian with a Lipschitzian constant L ≥ 1, if there exists Lipschitzian constant L ≥ 1 such that
for all x, y ∈ K and n ≥ 1. It is obvious that an asymptotically nonexpansive mapping is also uniformly L-Lipschitzian with L = sup{k n : n ≥ 1}. In 2001, Xu and Ori [10] introduced an implicit iteration process for a finite family of nonexpansive mappings. Xu and Ori [10] proved the weak convergence of an implicit iterative process to a common fixed point of the finite family of nonexpansive mappings defined in Hilbert space. Zhou and Chang [11] , in 2002, studied the weak and strong convergence of implicit iteration process to a common fixed point for a finite family of nonexpansive mappings in Banach spaces. Chidume-Shahzad [2] , in 2005, proved the strong convergence of an implicit iteration process to a common fixed point for a finite family of nonexpansive mappings in Banach spaces. Sun [7] , in 2003, extended an implicit iteration process for a finite family of nonexpansive mappings due to Xu and Ori [10] to the case of asymptotically quasinonexpansive mappings in a setting of Banach spaces. Chang et al. [1] , in 2003, studied the weak and strong convergence of a Mann implicit iteration process with errors to a common fixed point for a finite family of asymptotically nonexpansive mappings in Banach spaces. Qin et al. [5] , in 2009, proved the weak and strong convergence theorems of an implicit iterative process with errors for two finite families of asymptotically nonexpansive mappings in the framework of Banach spaces. Thakur [9] , studied weak and strong convergence of composite implicit iteration process for a finite family of asymptotically nonexpansive mappings in Banach spaces.
The purpose of this paper is to establish weak and strong convergence theorems of the following implicit iterative process for two finite families of asymptotically nonexpansive mapping in Banach space. In this paper, motivated and inspired by [10] , [5] , [9] , we introduce the following implicit iteration process for two finite families of asymptotically nonexpansive mappings. Let K be a nonempty subset of Banach space X. Let T 1 , T 2 , . . . , T N and S 1 , S 2 , . . . , S N be asymptotically nonexpansive self-mappings on K. Let {u n }, {v n } be two bounded sequences in K and {α n }, {β n } be two real sequences in [0,1]. For arbitrary x 0 ∈ K, the sequence {x n } is generated as follows:
. . .
Implicit iteration process for asymptotically nonexpansive. . .
which can be written in the following compact form:
Preliminaries and notations
Throughout this paper, we assume that X is a real Banach space, K is a nonempty closed convex subset of X and F (T ) is the set of fixed points of T . A Banach space X is said to be uniformly convex if the modulus of convexity of X δ(ε) = inf 1 − x + y 2 :
A Banach space X is said to satisfy Opial's condition if for each sequence {x n } in X, x n x implies that lim sup n→∞ x n −x < lim sup n→∞ x n −y for all y ∈ X with y = x, where x n x denotes that {x n } converges weakly to x.
In order to prove the main results of this paper, we need the following statements:
Lemma 2.1.
[3] Let X be a uniformly convex Banach space, K be a nonempty closed convex subset of X and T : K → K be an asymptotically nonexpansive mapping with F (T ) = ∅. Then I − T is semi-closed at zero, i.e., for each sequence {x n } in K, if {x n } converges weakly to p ∈ K and {(I − T )x n } converges strongly to 0, then (I − T )p = 0. [8] Let {a n }, {b n } and {c n } be sequences of nonnegative real numbers satisfying the following conditions: ∀n ≥ 1, a n+1 ≤ (1 + σ n )a n + b n , where ∞ n=0 σ n < ∞ and ∞ n=0 b n < ∞. Then lim n→∞ a n exists. Lemma 2.3.
[6] Let K be a nonempty closed convex subset of a uniformly convex Banach space X and {r n } be a real sequence in [δ, 1 − δ], for some δ ∈ (0, 1). Let {x n } and {y n } be two sequences in K such that
Let X be a Banach space and K be a nonempty closed convex subset of X. Let T 1 , T 2 , . . . , T N and S 1 , S 2 , . . . , S N be asymptotically nonexpansive self-mappings on K. There exists a sequence
for all x, y ∈ K and n ≥ 1. In similar way, there exists another sequence
Moreover, let T 1 , T 2 , . . . , T N and S 1 , S 2 , . . . , S N be asymptotically nonexpansive self-mappings on K. {T i : i ∈ {1, . . . , N }} and
3. Convergence of implicit iteration for two finite families asymptotically nonexpansive mappings Let X be a Banach space and K be a nonempty closed convex subset of X. Let T 1 , T 2 , . . . , T N and S 1 , S 2 , . . . , S N be asymptotically nonexpansive self-mappings on K. For any x n−1 ∈ K, and {α n },
(1−αn)(1−βn) for all n ≥ 1, then W n is a contraction. By Banach contraction mapping principal, there exists a unique fixed point x n ∈ K such that
That is, the implicit iterative process (1.1) is well defined.
Lemma 3.1. Let X be a real Banach space, K be a nonempty closed convex subset of X, {T i : i ∈ {1, . . . , N }} and {S i : i ∈ {1, . . . , N }} be two finite families of asymptotically nonexpansive self-mappings of K with
Let {u n }, {v n } be two bounded sequences in K and {α n }, {β n } be two real sequences in [0, 1]. Let {h n } be a sequence such that {h n } ⊂ [1, ∞) with h n → 1 as n → ∞ and L = sup{h n : n ≥ 1} ≥ 1. Let x 0 ∈ K be any given point, {x n } be the sequence defined by (1.1), satisfying the following conditions:
On the other hand, we have that
Applying (3.1) to (3.2), we obtain
Here we take κ n = (h n − 1) and δ n = 2κ n + κ 2 n = (h 2 n − 1) and set (3.3). It follows that
By condition (1), ∞ k=1 κ n < ∞, and so ∞ k=1 δ n < ∞, δ n → 0. Therefore, there exists a positive integer n 0 such that δ n ≤ 1−τ 2 2 , for all n ≥ n 0 . This implies that
. Taking infimum over all p ∈ F, we have
It follows from Lemma 2.2 that lim n→∞ x n − p exists, lim n→∞ d(x n , F)
Theorem 3.2. Let X be a real Banach space, K be a nonempty closed convex subset of X, {T i : i ∈ {1, . . . , N }} and {S i : i ∈ {1, . . . , N }} be two finite families of asymptotically nonexpansive self-mappings of
Let {u n }, {v n } be two bounded sequences in K and {α n }, {β n } be two real sequences in [0, 1]. Let {h n } be a sequence such that {h n } ⊂ [1, ∞) with h n → 1 as n → ∞ and L = sup{h n : n ≥ 1} ≥ 1. Let x 0 ∈ K be any given point, {x n } be the sequence defined by (1.1) satisfying the following conditions:
Then the implicit iterative sequence {x n } converges strongly to a common fixed point
Proof. The necessity of condition (3.6) is obvious. Next, we show the sufficiency. For any
for all n ≥ 1. It follows from (3.7) and Lemma 2.2 that lim inf n→∞ d(x n , F) exists. By assumption lim inf n→∞ d(x n , F) = 0, we obtain
Next, we show that {x n } is a Cauchy sequence in K. Notice that 1 + t ≤ exp(t), for all t > 0. From (3.6), for any p ∈ F, we have
for all natural numbers m, n, where M = exp{ ∞ n=1 σ n } < +∞. Since lim n→∞ d(x n , F) = 0, for any given > 0, there exists a positive integer N 0 such that for all n ≥ N 0 , d(x n , F) < 2(1+M ) and
Hence, for all n ≥ N 0 and m ≥ 1, we have
S. Temir which shows that {x n } is a Cauchy sequence in K. Thus, the completeness of X implies that {x n } is convergent. Assume that {x n } converges to a point p.
. This completes the proof. Lemma 3.3. Let X be a uniformly convex Banach space, K be a nonempty closed convex subset of X, {T i : i ∈ {1, . . . , N }} and {S i : i ∈ {1, . . . , N }} be two finite families of asymptotically nonexpansive self-mappings of K with
The sequences {x n } and {y n } are defined by (1.1), the following conclusions hold:
Proof. By Lemma 3.1 for any p ∈ F, lim n→∞ x n − p exists. Let
Now suppose d > 0. It follows from (3.8) and (1.1) that
By virtue of (3.8) and the condition (3), we have (3.10) lim sup
(3.12)
. Therefore, from (3.9)-(3.12) and Lemma 2.3, we know that
From (1.1) and (3.13), we obtain
which implies that
On the other hand, we have
From (3.17), (3.18) and Lemma 2.3, we know that
In fact, since for each n > N , n = (n − N )(mod N ) and n = (k(n) − 1)N + i(n), i(n) ∈ {1, . . . , N }, letting
and from (3.19), lim n→∞ ϑ n = 0 and
The substitution (3.21) and (3.22) into (3.20) yields that (3.23) lim n→∞ S n x n − x n−1 = 0, and from (3.14) we have
Thus for any j = 1, 2, . . . , N , from (3.15) and (3.25),
which yields that the sequence
Since for each j = 1, 2, . . . , N, { S n+j x n − x n } ∞ n=1 is a subsequence of
We have also
Taking lim n→∞ on both sides in the above inequality, from (3.14), (3.13), (3.19 ) and condition (3), we obtain Theorem 3.4. Let X be a uniformly convex Banach space satisfying Opial's condition, K be a nonempty closed convex subset of X, {T i : i ∈ {1, . . . , N }} and {S i : i ∈ {1, . . . , N }} be two finite families of asymptotically nonexpansive self-mappings of
Suppose that for any given x 0 ∈ K, the sequences {x n } and {y n } defined by (1.1), converges weakly to a common fixed point of {T i : i ∈ {1, . . . , N }} and {S i : i ∈ {1, . . . , N }}.
Then, as in Lemma 3.1, it follows that lim n→∞ x n − p exists and so for n ≥ 1, {x n } is bounded on K. Then by the reflexivity of X and the boundedness of {x n }, there exists a subsequence {x n j } of {x n } such that x n j p weakly. We can obtain ω(x n ) ⊂ F (T i ) and ω(x n ) ⊂ F (S i ), for all i ∈ {1, . . . , N } by Lemma 2.1. Thus we have ω(x n ) ⊂ F. Finally, we prove that {x n } converges to p. Suppose p, q ∈ w({x n }), where w({x n }) denotes the weak limit set of {x n }. Let {x n j } and {x m j } be two subsequences of {x n } which converge weakly to p and q, respectively. Opial's condition ensures that ω(x n ) is a singleton. It follows that p = q. Thus {x n } converges weakly to a p ∈ F. This completes the proof.
Theorem 3.5. Let X be a uniformly convex Banach space, K be a nonempty closed convex subset of X, {T i : i ∈ {1, . . . , N }} and {S i : i ∈ {1, . . . , N }} be two finite families of asymptotically nonexpansive self-map-
(1) ∞ n=1 (h n − 1) < ∞, (2) there exist constants τ 1 , τ 2 ∈ (0, 1) such that 0 < τ 1 < (1 − α n ), (1 − β n ) < τ 2 , for all n ≥ 1, (3) ∞ n=1 u n < ∞, ∞ n=1 v n < ∞. Then lim n→∞ x n − p exists for all F = N i=1 F (T i ) ∩ F (S i ) = ∅. Suppose that for any given x 0 ∈ K, the sequences {x n } and {y n } are defined by (1.1), lim n→∞ x n − p exists for F = N i=1 F (T i ) ∩ F (S i ) = ∅. Suppose that one of the mappings {T i : i ∈ {1, . . . , N }} and one of the mappings {S i : i ∈ {1, . . . , N }} are semi-compact or satisfy condition (A). Then the implicit iterative sequence {x n } defined by (1.1) converges strongly to a common fixed point of {T i : i ∈ {1, . . . , N }} and {S i : i ∈ {1, . . . , N }}.
Proof. Without loss of generality, we can assume that {T 1 } and {S 1 } are semi-compact or satisfy condition (A). It follows from (3.26) and (3.28) in Lemma 3.3 that lim n→∞ x n − T 1 x n = 0 = lim n→∞ x n − S 1 x n = 0. By semi-compactness of {T 1 } and {S 1 }, there exists a subsequence {x n j } of {x n } such that {x n j } → p ∈ K strongly as j → ∞. From (3.26) and (3.28) in Lemma 3.3 we have " lim j→∞ x n j − T x n j = p − T p = 0, for all ∈ {1, . . . , N }, and lim j→∞ x n j − S x n j = p − S p = 0, for all ∈ {1, . . . , N }. This implies that p ∈ F. Since lim inf n→∞ f (d(x n , F)) = 0, Lemma 3.1 guarantees that {x n } converges strongly to a common fixed point in F. If {T 1 } and {S 1 } satisfy condition (A), then we have lim inf n→∞ d(x n , F) = 0. From Lemma 3.1, we have that {x n } converges to a common fixed point in F. This completes the proof.
